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Abstract—Influenza virus, H1N1-p and H5N1, are dangerous
viruses. Medium of virus transmissions is the interaction or
contact between individuals. The virus transmission to other
individuals is easy. This happens due to a new strain that
occurs as a result of pre-coalition between the two viruses. That
phenomena is formulated in the form of a pre-coalition model
of the virus. From the original pre-coalition model, a reduction
process is done such that the models can be analyzed easily.
Furthermore, the reduced pre-coalition model will be analyzed
(i.e. existence and uniqueness of solutions), so that the system of
equations is said to be well-posed. Persistence analysis result
shows that in an unstable condition, H1N1-p influenza virus
is “strongly uniformly persistence” over the system under the
assumption that the H5N1 influenza virus is in a steady state. A
similar result is also true for the H5N1 influenza virus. The H5N1
virus is more pathogenic than the H1N1-P-p. This is indicated by
the value of ε0 in H5N1 virus is smaller than in H1N1-p virus,
where ε0 shows the distance of interactions between individuals.
Index Terms—Persistence analysis, pre-coalition models,
H1N1-p, H5N1, L2 space.
I. INTRODUCTION
THE development of science and technology in the med-ical field does not guarantee people will be free from
diseases. This is because the causes of disease that comes from
bacteria and viruses also developed and evolved so that viruses
and bacteria become resistant to drugs. In short, evolution can
be interpreted as a change in the properties inherited from
earlier species. One form of the virus is a reassortment of
genetic evolutions. Reassortment is the exchange of genetic
informations between segments/bits of the genome when cells
are in-coinfected with segmented RNA virus. Basically, re-
assortment is the cause of the coalition. The coalition is a
process of joining two species into a new species with different
characteristics. One virus that is able to evolve with the fast
is H1N1-p and H5N1.
Liu et al [1] states that the H5N1 virus is very easily coa-
lesced with H1N1-p virus if both viruses are transmitting on
the same host. In addition, the dynamic mobility of individual
residents can expand the ranges of H1N1-p and H5N1. Thus,
there is a possibility of coalition between the H5N1 virus with
the H1N1-p virus.
Hariyanto [2] constructed a mathematical model to describe
a pre-coalition process between H1N1-p and H5N1 in In-
donesia in L1 space. The occurrence of pre-coalition between
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the two viruses can be seen from their relationship with the
existence of the reproduction number [3] of viruses in the
system (persistence). In this paper, we reduce the virus model
similar to [2], as well as looking at properties in the L2 space
[4]. Finally, we discuss whether the virus phenomenon that
occurred in the study is also applicable in L2 space.
II. MATHEMATICAL MODEL OF PRE-COALITION BETWEEN
H1N1-P AND H5N1 VIRUS
In general, the spreading model of influenza virus H1N1-p
and H5N1 at locations 1 and 2 can be expressed as follows
[2]:
∂Sjm
∂t
= DSj
∂2Sjm
∂x2
− β∗SjmI2ju − αSjmI1jm − dSjm
+
∫
Ωk
SkmK(x− y)dy + bSjm
+ Sjm
∫
Ωj
K(y − x)dx+ δI2jm + δI1jm + δE1jm
(1)
∂E1jm
∂t
= DE1j
∂2E1jm
∂x2
+ αS1jmI1jm − γE1jm − dE1jm
+
∫
Ωk
E1kmK(x− y)dy − bE1jm
+ E1jm
∫
Ωj
K(y − x)dx− δE1jm (2)
∂Iijm
∂t
= (DI1j +D
I
2j)
∂2Iijm
∂x2
+ γE1jm + β
∗SjmI2ju
− dIijm − bIijm − δIijm (3)
∂S2ju
∂t
= DS2j
∂2S2ju
∂x2
− βS2juI2ju − dS2ju + bS2ju
+
∫
Ωk
S2kuK(x− y)dy + S2ju
∫
Ωj
K(y − x)dx
(4)
∂I2ju
∂t
= DI2j
∂2I2ju
∂x2
+ βS2juI2ju − dI2ju − bI2ju (5)
Index states i represents the index of influenza viruses,
where i = 1 denotes H1N1-p influenza virus and i = 2 denotes
the H5N1 influenza virus. While the index j represents the
location, where j = 1 denotes location 1 and j = 2 denotes
location 2. If the influenza viruses occur in humans, this is
denoted by index m. If the spread of H5N1 influenza virus is
in aves, we denote this by index u. Then index k denotes the
global diffusion between locations. If the spread of the virus
occurs at the location j = 1, global diffusion occurs in k = 2.
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III. DISCUSSION AND RESULTS
A. Mathematical Model
In this section, we will reduce the pre-coalition model of
H5N1 and H1N1-p based on changes in the virus as well as on
each individual subpopulations. The purpose of the reduction
of pre-coalition model of this virus is that the reduced model is
easier to analyze. Before the reduction in pre-coalition models,
we will clarify some notions in advance so that the coalition
model can be reduced more efficiently, i.e. reducing the most
significant part only.
Considering the assumption in the preceding paragraph, we
can express the mathematical model of pra-coalition virus
H1N1-p with H5N1 as follows.
1) Reduction of mathematical model of H1N1-p virus in
humans in location 1
∂S11m
∂t
= DS1
∂2S11m
∂x2
− kE11m
− (d− b+ µ− q1 − q2)S11m + µS12m (6)
∂E11m
∂t
= DE11
∂2E11m
∂x2
− (−k + d+ b+ µ+ n)E11m
− pI11m + µσE12m (7)
∂I11m
∂t
= DI11
∂2I11m
∂x2
− (−p+ d+ b+ v)I11m (8)
2) Reduction of mathematical model of H5N1 virus in
humans in location 1
∂S21m
∂t
= DS1
∂2S21m
∂x2
− aI21m
− (d− b+ µ− o)S21m + µS22m (9)
∂I21m
∂t
= DI21
∂2I21m
∂x2
− (−a+ d+ b+ u)I21m (10)
3) Reduction of mathematical model of H5N1 virus in aves
in location 1
∂S21u
∂t
= DS21
∂2S21u
∂x2
− sI21u − (d− b+ µ)S21u
+ µS22u (11)
∂I21u
∂t
= DI21
∂2I21u
∂x2
− (−s+ d+ b)I21u (12)
B. Desoer Assumption
The pre-coalition model of H1N1-p and H5N1 virus that
has been reduced must be shown that the model satisfies the
existence and uniqueness of solutions. We use the Desoer
assumption to show the existence and uniqueness of the model.
We do this before analyzing the persistence of the model.
To demonstrate the existence and uniqueness of pre-coalition
model of virus, we use Lipschitz constants.
C. Persistence Analysis in L2 Space
In this section, we analyze the persistence of H1N1-p
and H5N1 virus. This persistence analysis was conducted to
determine the effect of the virus in the system. Analysis of
persistence can be made only after a qualitative analysis on
the reduced form of models: show the model has a positive
solution that is unique. In the process, we calculate the value of
ε used in the analysis of the persistence of analytical solutions.
The mathematical model of pra-coalition is defined in (6)-
(12). By using the definition of persistence in [2], [5], we
obtain:
1) Persistence of H1N1-p in human
• For R01 < 1
lim sup
t→∞
d(S11m, I11m)
=
√
2
pi
(∫
Ω1
|1
2
σ − I11m0|2dx
)1/2
=
√
2
pi
L1
(
1
2
σ − I11m0
)
Thus, there exists an ε0 =
√
2
piL1
(
1
2σ − I11m0
)
>
0 such that the persistence of H1N1-p virus on
the system in a stable condition is weakly uniform
persistence. This means the transmission of H1N1-
p virus in humans occurs after contact between
individual subpopulations susceptible and subpop-
ulations infected. With d(S11m, I11m) is the repre-
sentation of the change in the number of infected or
susceptible subpopulations. At the steady state con-
dition, the system is weakly persistence, the contact
between the individual and the local environments
produces maximum distance.
Fig. 1. Persistence of H1N1-p in human population when R01 < 1.
We can see persistence when R01 < 1 in Fig. 1.
R01 < 1 is a condition where the system is in a
stable condition. A condition in which the average
individual who is infected can infect at most one
individual. Thus, the existence of virus in the system
is in a weakened state (weakly persistence). The per-
sistence is very influential on the contact’s distance
between the individual. The farther the distance, the
smaller the individual had contacted the disease.
The smaller the distance, the greater the infected
subpopulation S, and vice versa. In Fig. 1, it appears
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that the persistence is approaching subpopulations
S. This approach means that the resilience of the
virus is weakened so it approaches the graph of S
which means that many individuals are recovered.
This is the condition of weakly uniform persistence.
• For R01 > 1
lim inf
t→∞ d(S11m, I11m) =
√
2
pi(∫
Ω1
∣∣∣∣(K1 − 12K2)σ − 12K2σ −K3I11m0
∣∣∣∣2 dx
)1/2
=
√
2L1
pi
((K1 −K2)σ −K3I11m0)
Thus there exists an ε0 =
√
2L1
pi ((K1 − K2)σ −
K3I11m0) > 0 such that the persistence of H1N1-
p virus on the system in an unstable condition
is strongly uniform persistence. This means to in-
fect, the contact between the individual produces
minimum distance. We can see persistence when
R01 > 1 on Fig. 2.
Fig. 2. Persistence of H1N1-p in human population when R01 > 1.
R01 > 1 is the condition where the infected individ-
ual is capable of infecting at least one individual.
From Fig. 2, we know that the persistence is repre-
sented by a black graph initially approached the red
graph. That means many people are infected, so the
virus is said to be strongly uniform persistence.
2) Persistence of H5N1 in human
• For R02 < 1
lim sup
t→∞
d(S21m, I21m)
=
√
2
pi
(∫
Ω
(
1
2
σ −
√
pi
2
I21m0
)2
dx
)1/2
=
√
2
pi
L1
(
1
2
σ −
√
pi
2
I21m0
)
Thus there exists an ε0 =√
2
piL1
(
1
2σ −
√
pi
2 I21m0
)
> 0 such that the
persistence of H5N1 virus on the system in a stable
condition is weakly uniform persistence.
Fig. 3. Persistence of H5N1 in human population when R02 < 1.
Figure 3 shows a simulation of the persistence
of H5N1 for human when R02 < 1. Persistence
is represented as a graph with black color. As
we can see from the graph, the persistence goes
toward susceptible subpopulation. But there is a
small difference compared to Fig. 1, which is more
inclined to the black graphics representing infected
subpopulation. It can be concluded also that H5N1
is more virulence than H1N1-p in human.
• For R02 > 1
lim inf
t→∞ d(S21m, I21m) =
√
2
pi(∫
Ω
(
(M1 −M2)σ − I21m0
√
pi
2
M3
)2
dx
)1/2
=
√
2
pi
L1
(
(M1 −M2)σ − I21m0
√
pi
2
M3
)
Thus there exists an ε0 =√
2
piL1
(
(M1 −M2)σ − I21m0
√
pi
2M3
)
> 0 such
that the persistence of the H5N1 virus for human on
the system in an unstable condition is strongly uniform
persistence (see Fig. 4).
3) Persistence of H5N1 in aves
• For R03 < 1
lim sup
t→∞
d(S21u, I21u) =
√
2
pi∫
Ω
∣∣∣∣∣
(
1 +
√
2
pi
Su0 − P3Iu0
)∣∣∣∣∣
2
dx
1/2
• For R03 > 1
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Fig. 4. Persistence of H5N1 in human population when R02 > 1.
Thus there exists an ε0 =(∫
Ω
∣∣∣(1 +√ 2piSu0 − P3Iu0)∣∣∣2 dx)1/2 > 0 such
that the persistence of the H5N1 virus for aves on
the system in an unstable condition is weakly uniform
persistence (see Fig. 5).
Fig. 5. Persistence of H5N1 in aves population when R03 < 1.
Similar with Fig. 1 and Fig. 3, it appears that the
persistence (black line) is approaching subpopulations
S.
lim inf
t→∞ d(S21u, I21u) =
√
2
pi∫
Ω
∣∣∣∣∣
(
P1 +
√
2
pi
P2
)
Su0 − P3Iu0
∣∣∣∣∣
2
dx
1/2
=
√
2
pi
L1
((
P1 +
√
2
pi
P2
)
Su0 − P3Iu0
)
Thus there exists an ε0 =√
2
piL1
((
P1 +
√
2
piP2
)
Su0 − P3Iu0
)
> 0 such
that the persistence of the H5N1 virus for aves on the
system in an unstable condition is strongly uniform
persistence (see Fig. 6).
Fig. 6. Persistence of H5N1 in aves population when R03 > 1.
IV. CONCLUSIONS
The reduction in pre-coalition models of virus is done in
three stages: transmission of the virus, recovery and the ability
of individuals to cast. In the unstable condition, the H1N1-p
influenza virus is suffered strongly uniformly persistence of
the system on the assumption that the H5N1 influenza virus
is in a steady state. A similar situation occurs in the H5N1
influenza virus. The H5N1 virus is more pathogenic than the
H1N1-p. This is indicated in the value of ε0 of H5N1 is smaller
than the value of ε0 of H1N1-p, which shows the distance of
interactions between individuals .
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